A phenomenological thermodynamic theory of BaxSr1−xTiO3 (BST-x) thin films epitaxially grown on cubic substrates is developed using the Landau-Devonshire approach. The eighth-order thermodynamic potential for BT single crystal and modified fourth-order potential for ST single crystal were used as starting potentials for the end-members of the solid solution with the aim to develop potential of BST-x solid solution valid at high temperatures. Several coefficients of these potentials for BT were changed to obtain reasonable agreement between theory and experimental phase diagram for BST-x (x > 0.2) solid solutions. For low Ba content we constructed the specific phase diagram where five phases converge at the multiphase point (TN2 = 48 K, x = 0.029) and all transitions are of the second order. The "concentration-misfit strain" phase diagrams for BST-x thin films at room temperature and "temperature-misfit strain" phase diagrams for particular concentrations are constructed and discussed. Near TN2 coupling between polarization and structural order parameter in the epitaxial film is modified considerably and large number of new phases not present in the bulk materials appear on the phase diagram.
I. INTRODUCTION
Ferroelectric thin films are very good candidates for a wide range of applications: for example, as high-density dynamic random access memories, large-scale integrated capacitors, pyroelectric detectors, micro-and nanoelectromechanic devices [1, 2] . Epitaxially grown thin films are usually highly constrained because their fabrication is accompanied by several strain factors originating due to lattice mismatch and the difference between the thermalexpansion coefficients of the film and the substrate. Also, transformation strain usually appears at the ferroelectric phase transition if the heterostructure deposed at elevated temperatures is cooled below the Curie temperature (T c ).The importance of strain effects in determining the properties of thin-film ferroelectrics was recognized in numerous theoretical and experimental investigations [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] .
The Ba x Sr 1−x TiO 3 (BST-x) solid solution is one of the most studied lead-free ferroelectric system from fundamental and technological point of view. In the paraelectric cubic phase, the end-members BaTiO 3 (BT) and SrTiO 3 (ST) have similar crystal structure but exhibit quite different phase transition sequences on cooling. BT displays three phase transitions towards ferroelectric phases characterized by the polarization along different directions. On the other side, ST shows no ferroelectric phase transition on cooling but first an antiferrodistorsive transition followed by the appearance, at very low temperature, of a quantum paraelectric state. Both BT and ST compounds have been widely investigated, both theoretically and experimentally, whereas, the efforts on the BST-x solid solution are mainly experimental. It is then very desirable to develop new calculation and theoretical tools that allow better and deeply describe the structure and thus the properties of this system. The temperature-concentration phase diagram of bulk BSTx solid solutions based on the phenomenological six-order thermodynamic potential was recently developed [14] and compared with available experimental data.
Thin films of BST-x solid solutions are of great technological interest due to their excellent ferroelectric and piezoelectric properties. The structure and properties of ferroelectric thin films substantially differ from those of bulk ferroelectrics; therefore, theoretical analysis is important since it can provide fundamental insights into the behavior of thin films. Recently, Ban and Alpay [15] have developed phase diagrams for single-domain epitaxial Ba 0.6 Sr 0.4 TiO 3 and Ba 0.7 Sr 0.3 TiO 3 films on (001) cubic substrates as a function of the misfit strain based on the Landau-Devonshire six-order potential as a polynomial of the polarization components in accordance with the one developed by Pertsev et al [5] . The parameters used for the calculation of the renormalized coefficients for BST films were obtained by simple averaging the corresponding parameters of BT and ST. It is worth noting that the contribution of six-order polarization terms to the free energy was neglected in their calculations that is rather oversimplified approach. However, as known from experimental investigations, high-order terms should be taken into account, because the two-dimensional clamping increases considerably the ferroelectric phase transition temperature in perovskite thin films. Stress-induced upward shift in T c as large as tens of degrees have been observed [9, 11] . In this case, the coefficients at the sixthorder terms in the thermodynamic potential [5] becomes negative, therefore, the six-order expansion is not valid for high-temperature phase transitions in thin films. Very recently [16] , the eighth-order Landau-Devonshire potential was used to construct "misfit-temperature" phase diagrams of epitaxial BT thin films on cubic substrates.
The present paper is devoted to BST-x thin films and is organized as follows. First, we develop thermodynamic potential for BST-x solid solutions using phenomenological models known for pure BT and ST single crystals. Due to the above mentioned reason the sixth-order potential for BST solid solutions used in [14] is not valid for thin films, therefore here we use eighth-order potential developed by Li [17] for BT single crystal and fourth-order potential recently developed for ST crystal [18] . It is worth noting that in [14] the coefficient at p 2 in the potential for ST was changed considerably to achieve agreement between experimental data [19] and para-ferroelectric transition line on the theoretical phase diagram. As a result, the value of the susceptibility was found to be significantly and abnormally large with respect to the experimentally observed one. In the present work we use coefficients of thermodynamic potential for ST [18] and BT [17] . Moreover, several coefficients (Q 11 , Q 12 , α 123 ) from [17] were changed to get better agreement with experimental diagram in the Ba-rich side. Second, we develop thermodynamic potential for BST thin film epitaxially grown on cubic substrate. The potential derived for BST solid solutions according to the method proposed in [14] includes no term associated with thermal expansion. To take into account thermal expansion the above method was modified with the aim to include evidently relevant term in the potential. Finally, the resulting potential was used to construct according to the conventional way [5] the "misfit-temperature" diagrams for thin films of particular BST-x compositions.
II. A PHENOMENOLOGICAL THERMODYNAMIC POTENTIAL FOR BST SOLID SOLUTION
Following the method developed in [14] the Helmholtz thermodynamic potential of the solid solution can be written using the known thermodynamic potentials F ST (η, u) and F BT (η, u) for end members of the solid solution x = 0 (ST) and x = 1 (BT):
where η is the order parameter,u is the common elastic strain of the solid solution, ∆ ST and ∆ BT are lattice strains of the end members, needed to fit the lattice parameter ST, BT and BST-x [14] . The lattice parameters of the solid solution end-members are
The lattice parameter of the solid solution a x can be found from the condition, which implies complete compensation of internal elastic forces:
3) The thermodynamic description may be developed starting from the power-series expansion of the Gibbs potential Φ(η, t). The relevant general expression for cubic perovskite is given as
where p is the order parameter -polarization related to ionic shifts in polar zone-center F 1u mode, ϕ is the outof-phase rotation of TiO 6 octahedra corresponding to the R 25 zone-boundary mode in the cubic phase P m3m(O 
where s kj are the compliances, λ is the linear thermal expansion coefficient, T is the absolute temperature, the stresses t i , i=1..6 are given in Voigt notations. In the following, the coefficients of the potentials (4)-(6) of the end-members of the solid solution are denoted by additional indexes ST and BT. The reference point on the temperature scale is taken at T = 0. Temperature T should be substituted in Eq. 6 by ∆T = T − T 0 if reference point T 0 is not equal to zero.
Eq. (1) is written for Helmholtz potential F (η, u) , which can be obtained from Gibbs potential (4), (5), (6) by the formal substitution of the coefficients and substitution of stress t in (4) for the quantities determined from the equations u i = − ∂Φ ∂ti [20] . Only coefficients at second and fourth order terms in (4) will be renormalized because Eq. (6) contains quadratic strains.
The Helmholtz potential of the solid solution (1) contains no distinct term corresponding to the thermal expansion. Actually, temperature dependence of the lattice parameters is included in the lattice parameter of the solid solution a x . To construct the potential in a conventional form, when linear thermal expansion is ascribed by the terms linear with respect to strains, one has to shift the common strain u by the value of the linear thermal expansion. The latter can be found from the linear expansion of a x (Eq.7 in Ref.14). However we used the following way. In Eq.3 we exclude the terms corresponding to thermal expansion, therefore we assume ∆ ST and ∆ BT to be temperature independent. In this case, ∆ ST and ∆ BT derived from Eqs. (2)- (3) preserve the term corresponding to the thermal expansion in Eq.
(1). Under the above introduced conditions, in the cubic paraelectric phase Eqs. (2) and (3) yield:
The thermal expansion coefficient can be written as:
where τ = 
III. PHASE DIAGRAM OF THE BST-x SOLID SOLUTION
The starting Gibbs potential for pure BT is expanded as polynomial of polarization components up to eight order [17] and contains only additional ϕ 2 term with the positive coefficient equal to 3.7 × 10 29 J/m 5 Ref. 14. All coefficients are listed in Table I , where coefficients in Eqs. (4)-(6) in higher-order terms containing ϕ are equal to zero. Note, the coefficient α 123 used in Ref. 17 was changed in our calculations to fit theoretical orthorhombic-rhombohedral phase transition temperature to the experimental value. All coefficients in Gibbs potentials for end-members BT and ST used in this work are listed in Table I .
It is important to emphasize that it is not easy to deal with the coefficients especially in the Sr-rich region where both the quantum effects and the coupling between ferroelectricity and antiferrodistorsivity are coexisting. As a consequence, the coefficients of the potential depend strongly on the technological parameters of the samples synthesis including homogeneity, impurities, vacancies, stress conditions, grain boundaries, but also on the techniques (Raman spectroscopy, dielectric spectroscopy, x-ray diffraction, etc) used to have access to these coefficients. As known, even dielectric properties are very sensitive to the conditions of the sample preparation [22] , thus coefficients in the p 2 terms depend on these parameters too. Also, as follows from the proposed method of derivation of thermodynamic potential of solid solution, any impurities induce additional deformations, which renormalize coefficients of the potential. As a consequence, coordinates of critical points can be different for samples in single crystal, powder or ceramic form prepared in different laboratories. Nevertheless, even if the critical points may differ from one sample to another one, the qualitative phase diagram should not change and can serve as a starting setting to study the consequences when BST-x is as thin film form.
The resulting phase diagram for BST-x solid solutions calculated using the coefficients listed in Table I is presented in Fig. 1 . Although phase diagram has very similar overall view with respect to that previously reported [14] , there are some changes caused by the above mentioned changes of the coefficients in fourth-order terms: 1). The N -phase point T N 1 is now shifted from x = 0.13 to x = 0.11. 2). The tricritical point now appears at x = 0.37. 3). At low x five possible diagrams were proposed in [14] for different possible t 44 values. Since t 44 coefficient was determined [18] from the experimental data, only one diagram at low x values is calculated (see in Fig. 2 ).
IV. PHASE DIAGRAMS OF THIN FILMS
Below we consider BST-x thin films epitaxially grown onto (001) surface of a cubic substrate. Deposition usually occurs well above the T c of bulk BST-x. The film is constrained due to lattice mismatch between the film and the substrate. This deformation occurs in the plane parallel to the substrate and induces symmetry lowering from cubic P m3m to tetragonal P 4/mmm. As Table II. a consequence, all three-dimensional irreducible representations of the cubic phase split into one-and twodimensional representations. The group-theoretical analysis of the structures derived from the aristotype cubic perovskite P m3m by two order parameters (F 1u and R 25 soft modes) yields 26 low-symmetry phases, while symmetry lowering of the paraelectric to tetragonal phase induces 33 phases. A list of possible low-symmetry phases derived though TiO 6 octahedral tilting and Ti-cation displacements is given in Table II together with their notations already used in previous literature [5, 23, 24] .
In the absence of external forces the strains at the film substrate interface are u 11 = u 22 = u m , u 12 = 0, where the misfit strain u m exhibits temperature dependence [16] :
c is the primary deformation of the film at the deposition temperature T 0 , a and c -the corresponding in-plane and out-of-plane lattice parameters of the film at T 0 , a S is the lattice parameter of the substrate, λ and λ S -the thermal expansion coefficients of the film and the substrate, respectively.
Following Pertsev et al [5] we use the Gibbs thermodynamic potential (4) with the coefficients listed in Table I to construct the "concentration-misfit strain" (x − u m ) phase diagrams for BST thin films at room temperature and "temperature-misfit strain" (T −u m ) phase diagrams for particular concentrations. Recently [16, 25] , we have illustrated that phase diagrams for epitaxial BT films depend on the values of compliances and electrostrictive coefficients used in calculations. In the present work we performed calculations using the set of coefficients suitable for the whole phase diagram of BST-x solid solutions.
The Table II . Detailed diagrams at low x around um = 0 is presented in Fig. 5 . Fig. 3 . There are five low-symmetry phases and two multiphase points T 1 : (u m = 0, x = 0.72), T 2 : (u m = −15.7 × 10 3 , x = 0.1) and T 3 : (u m = 0.26 × 10 3 , x = 0.81), which is very sensitive to the Q ij values. The tetragonal paraelectric phase 0 may be stable at room temperature up to x = 0.72 at zero misfit strain. The monoclinic phase 5 -(p 1 = 0, p 2 = 0 and p 3 = 0) , with the polarization tilted with respect to the film surface is stable above T 3 point and at low misfit strains u m .
K is shown in
The tetragonal phase 1 with the polarization normal to the substrate (p 1 = p 2 = 0 and p 3 = 0) is stable in a wide range of negative misfit strains and x > 0.1. In the right side of the diagram the orthorhombic phase 3 ( p 1 = p 2 = 0 and p 3 = 0) is stable. These phases were already discussed in previous literature [15] for BST-x thin films. As follows from Fig. 3 , new phases may appear at room temperature only at high negative misfit strains and only in the Sr-rich side of the phase diagram, 
where the two-dimensional (2D) clamping (negative u m ) stabilizes the I4/mcm tetragonal phase 8, which exists in bulk ST crystals below 106 K. Finally, very strong 2D clamping stabilizes tetragonal I4cm polar phase 16 in the narrow concentration interval in the vicinity x = 0.1. Three-dimensional u m − x − T phase diagram is rather complicated and contains the multiphase point T N (u m = 0, x = 0.029, T = 48 K where all second-order terms in Gibbs potential are equal to zero and a large number of low-symmetry phases converge. Below we discuss several u m − T diagrams for particular concentrations. Phase diagrams for x = 1.0 and 0.8 presented in Fig.4 are similar to one of the diagrams reported for BT in Ref. 16 . In Table II. the narrow interval between paraelectric phase 0 and orthorhombic phase 3 with in-plane polarization along the basal diagonal of the unit cell there is phase 2 with the polarization along one of the former cubic axis in plane of the film. Also, in the narrow interval between phase 1 with the polarization normal to the substrate and phase 4 with polarization along the space diagonal of the unit cell there is monoclinic phase 5. The stability ranges of these intermediate phases (2 and 5) decreases with the decreasing of Ba content and below x = 0.74 they are not stable any more. As a result, phase transition 0 ↔ 3 and 1 ↔ 4 are the second order, however, there is rather narrow temperature interval where first order 1 ↔ 3 phase transition occurs (see diagram for x = 0.6 in Fig. 4 ). Below x = 0.4 this first-order boundary disappears and only second-order phase transitions occur for x = 0.4 and 0.2. In this concentration interval phase diagram is similar to that developed for the fourth-order potential. Only three low-symmetry phases (1, 3 and 4) present on the phase diagrams and converge in the multiphase point T 1 , which steadily decreases with increasing Sr content and obeys the same law as the paraelectric-tetragonal phase transition line in Fig. 1 . For x = 0.08 one more multiphase point T 2 appears on the left side phase diagram and two additional phases, namely 8 and 16, are stable for negative misfit strains. Tetragonal phase 8 (00ϕ 000) is similar to that in bulk ST crystal below 106 K, while phase 16 (00ϕ 00p) is induced by the mixed order parameter including both octahedral tilting and ionic displacement in the direction normal to the substrate. The multiphase point T 2 moves towards T 1 with decreasing x and these points coincide at x = 0.029. Below this critical concentration, the T 2 point appears now on the other side of the diagram at u m > 0, while T 1 point is always at u m = 0. Three diagrams for x=0.025, 0.01, and 0 are presented in Fig. 4 . Two low-symmetry phases 8 (00ϕ 000) and 9 (ϕ00 000) converging at T 1 correspond to different domains of bulk ST. The transition line between these phases is of first order. In Fig.  4 , the paraelectric phase and five low-symmetry phases converge in the T 2 point. According to Ref. 14, the existence of such multiphase point T 2 , where five lowsymmetry phases converge, does not contradict the Gibbs phase rule. Below critical concentration x = 0.029, both T 1 and T 2 move to higher temperatures with decreasing x and below T 2 phase diagrams in Fig. 4 change considerably. Namely, six phases 0, 3, 15, 32, 21 and 9 converge in the multiphase point T 2 .
Five phases allowed below 60 K for x = 0 are shown in Fig. 5c . Phase transitions 8 ↔ 9 and 18 ↔21 are of the first order, while 8 ↔ 18, 9 ↔ 21 and 21 ↔ 32 are of the second order. Note all these phases do not converge in one point. There are two close tricritical points so that phase transition line between 9 and 18 exists. New phase 27 appears on the phase diagram at x =0.01 in between 18 and 8 phases, while phase 16 is stable for negative misfit strains (see Fig. 5b ).
Near the critical concentration x = 0.029 the phase diagrams are very complicated. Coupling between polarization and structural order parameter in the epitaxial film is modified considerably and new phases that were not present in the bulk material (Fig. 2) appear. Fig. 4 shows overall view and Fig. 5a shows detailed diagram around u m = 0 for x = 0.025. There are thirteen lowsymmetry phases in a film instead of six in a bulk sample. Both rhombohedral phases R3c and R3m allowed in a bulk material are not stable in the film.
Finally, we compare our phase diagram for pure ST film (x=0) with those developed by Pertsev et al [24] . Although phase diagrams have similar overall view for | u m × 10 3 |< 10, some important differences caused by the above discussed changes of the coefficients should be emphasized. As shown in Fig.4, additional Table II . Note, that ferroelectric (FTI) tetragonal phase 1 (000 00p) predicted in Ref. 27 for negative misfit strains and T >200 K, according to our calculations is stable at low temperatures only (see Fig. 4 ). Also, phase 15(FOIV) exists in the limited misfit interval.
It is worth noting that in pure ST many phases are stable in the narrow intervals near u m = 0. Therefore, even weak clamping of single-crystalline plates, usually used for low-temperature measurements, can induce phase transition to one of the low-symmetry phases.
Concluding this section we have to emphasize some limitations of the above developed approach. The phenomenological potential of the solid solution (1) was written through the potentials of its end members (x = 0, 1). Therefore the validity of the potential (1) is based on validity of the potentials for each member of the solid solution. The method used to develop the potential (1), (2) and (3) is based on the macroscopic theory of elasticity and crystal lattice matching. We assume that solid solution with no ordering in the whole concentration range can be correctly described if ionic substitution induces geometrical distortions, accompanied by the macroscopic elastic deformation [26] . We also assume that isomorphic Ba/Sr substitution does not change the type of chemical bonding. Therefore, in our model, most (or even all) changes in the solid solution are caused by the elastic interaction.
Actually, currently available potentials for both endmembers of BST solid solution require further improvements. Some coefficients for fourth-order potential developed by Uwe [27] for ST were recently revised [18] . Although some uncertainty in the values of the coefficients still exists, reasonable agreement with the available experimental data were found [18] . Further investigations and new perfect experimental data will require extension of the theory to the higher orders [28] .
Two eight-order potentials are currently available for BT. Li et al [17] developed a model with only a single temperature-dependent second-order coefficient, while all higher-order coefficients were temperature-independent. This model could successfully reproduce the phase transition temperatures and their dependence on electric fields, as well as the dielectric and piezoelectric constants of bulk BT. Recently, Wang et al [29] developed potential where forth-order coefficients were also temperaturedependent and successfully explained dielectric proper-ties of BT. Although the latter potential looks much more attractive, we failed to employ it in our model for BST solid solution. Since elastic properties of the potential are very important in our model, we have analyzed the temperature -hydrostatic pressure (T − p ) phase diagram using potential [29] . We found that the paraelectricferroelectric phase transition temperature decreases with increasing pressure, approaches the minimum, then increases, and finally decreases again. Such a behavior contradicts to the experiment [30] . Although the potential developed by Li [17] does not reproduces exactly the experimental T − p phase diagram, a disagreement is not so pronounced. Very likely, as was noted in Ref. 31 , additional terms should be considered in the potential to describe large deformations.
V. CONCLUSIONS
To construct the "concentration-misfit strain" and "temperature-misfit strain" phase diagrams of epitaxial BST-x thin films on (001)-oriented cubic substrates we modified thermodynamic potential for bulk BST-x solid solutions developed in Ref. 14. The thermal expansion, missing in the previous thermodynamic model [14] was simply introduced in the Helmholtz potential (1) by the shift of the common strain u of the solid solution on the value of the linear thermal expansion. The introduced modification does not change the phase diagram of bulk BST-x solid solution, and allows ones to develop thermodynamic theory for thin films.
In the present work we used eighth-order thermodynamic potential for BT single crystal [17] and fourthorder potential for ST single crystal [18] to develop relevant potential of BST-x solid solution, which can be applied at high temperatures.
In order to fit the phase transition lines to experimentally measured phase diagram of BST-x solid solutions [19] , the coefficients Q 11 and Q 12 in six-order term in the potential of BT were changed. Also, the stable thermodynamic states and phase transitions lines in the concentration range x < 0.04 were calculated. Five low-symmetry phases are predicted for bulk solid solution in the narrow concentration interval around multiphase point T N 2 = 48 K, x = 0.029 as shown in Fig. 2 .
Performing the necessary calculations, we constructed the room-temperature "concentration-misfit strain" (x− u m ) phase diagram for BST-x thin films epitaxially grown on cubic substrate. The diagram is useful for practical applications in thin-film engineering. Depending on the type of strain imposed by the substrate, epitaxial BST-x thin films can be grown with the polarization either normal or parallel to the substrate. As follows from the phase diagram presented in Fig. 3 , ferroelectric state with the polarization parallel to the substrate is only possible is ST films deposited on tensile substrates. Recently [32] , room-temperature ferroelectricity was observed in ST films on DyScO 3 substrates. The tensile lattice mismatch in this heterostructure at room temperature is about 1% that is very close to the 0-3 phase transition line in Fig. 3 .
A rich variety of low-symmetry phases induced by octahedral tilting and ionic displacements are allowed near the N -phase point (u m = 0, x = 0.029, T = 48 K). Most of them are stable in the narrow temperature intervals near u m = 0. Great difference between the phase transition sequence in bulk BST-x and epitaxial thin films with the composition around x = 0.029 can be therefore expected. The selection of the substrate and the film composition allow manipulating the strain state in the film to achieve the desirable phase transition sequence.
